
Journal of Sound and <ibration (2001) 239(5), 983}994
doi:10.1006/jsvi.2000.3180, available online at http://www.idealibrary.com on
SPATIO-TEMPORAL SYNCHRONIZATION OF COUPLED
PARAMETRICALLY EXCITED PENDULUM ARRAYS

Y. ZHANG AND G. H. DU

Institute of Acoustics and State Key ¸aboratory of Modern Acoustics, Nanjing ;niversity,
Nanjing 210093, Republic of China. E-mail: zhudu@nju.edu.cn

(Received 26 November 1999, and in ,nal form 26 May 2000)

In this paper, parametrically excited chaotic pendulum arrays are considered with the
spatial di!usive coupling. The drive array undergoes extremely irregular behavior, both
temporally as well as spatially. To synchronize two coupled spatio-temporal chaotic arrays,
the periodic feedback method is used. The synchronization condition is given to determine
the critical values of periodic characteristic time and feedback weight. Furthermore, the
in#uences of noise and parameter mismatch on synchronization are investigated. It is found
that the periodic feedback method has strong robustness to noise and parameter mismatch,
which promises its potential application in synchronizing parametrically excited pendulums.
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1. INTRODUCTION

The parametrically excited pendulum has received considerable attention recently [1}5].
Theoretical analysis and numerical simulations have revealed many complex time evolution
phenomena such as bifurcation and chaos. Some of them have been shown in experimental
investigations. However, for many realistic distributed systems, such as o!shore platforms,
buildings subject to earthquakes, etc., the problems involve both the temporal and spatial
degrees of freedom. To give a more complete description, spatial characteristics should be
considered. The coupled oscillator array can be described by a set of coupled di!erential
equations with spatial convective coupling. As a kind of discrete-space model of the realistic
distributed system, the coupled oscillator array provides insight into the nature of many
non-linear phenomena. It has drawn the attention of theoretical and experimental
researchers in physical, chemical, biological, neural network and other systems [6}9].
Therefore, the research on coupled parametrically excited pendulum array is very
interesting and necessary.

In recent years, it has been found that despite the sensitivity to initial condition, two
chaotic systems when certainly coupled can be synchronized, which has opened a new area
of research [10}18]. Recently, spatio-temporal synchronization has received great interest
[19}23]. Some continuous methods of chaotic synchronization such as the Pecora}Carroll
method [10] have been generalized to synchronize spatio-temporal chaos of oscillator
arrays, for which many interesting results have been obtained. However, in the practical
applications of these methods, there are some important problems to be considered. First,
noise and parameter mismatch will in#uence chaotic synchronization. This is clear since the
inevitable inaccuracy of parameter and noise exist in any realistic environment, and can
probably kick motion o! the synchronization manifold. Furthermore, for the limitation in
measurement, controlling chaotic response continuously often is unpracticed, and even
0022-460X/01/050983#12 $35.00/0 ( 2001 Academic Press
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impossible. Control has to be activated in a kind of discontinuous way. Therefore, how to
synchronize chaos under these conditions is signi"cantly important for practical
application.

In this paper, we investigate spatio-temporal chaotic synchronization of coupled
parametrically excited pendulum arrays. Instead of the continuous feedback method [11],
the periodic feedback scheme [5] is applied to synchronize two spatio-temporal chaotic
arrays. The feedback is activated at discrete time, which can be described by the periodic
characteristic time. By means of the spatial discrete Fourier transform, we obtain all the
transverse Lyapunov exponents, so the synchronization condition can be given. Under this
condition, the periodic feedback method synchronizes two spatio-temporal chaotic array
systems well. Meanwhile, since noise and parameter mismatch of arrays exist in any
experimental set-up of chaotic synchronization, the problem of how to perform a robust
synchronization is very important to the practical realization. Through the investigation of
noise and parameter mismatch, we "nd that the periodic feedback synchronization has
strong robustness to these perturbations.

The contents of the paper are organized as follows: In sections 2 and 3, in order to make
our research have more generality, we consider the general coupled oscillator arrays. The
synchronization condition by the periodic feedback method is given in section 2. In section
3, we investigate the in#uence of noise and parameter mismatch. Finally, in section 4, based
on the theoretical analysis, we perform the numerical calculation to synchronize
parametrically excited pendulum arrays.

2. PERIODIC FEEDBACK SYNCHRONIZATION OF ARRAYS

To investigate the synchronization of coupled chaotic oscillator arrays, we consider
a pair of unidirectionally coupled oscillator arrays with length N whose dynamics can be
described as follows.
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where u
j
, u8

j
3Rm, and F : RmPRm de"nes the non-linear vector "eld of a single oscillator.

a is the system parameter vector. N units of coupled chaotic oscillator build the oscillator
arrays. Here, the nearest-neighbor di!usive coupling CC (u8

j`1
#u8

j~1
!2u8

j
) is considered

in the single oscillator array [21]. C is the coupling constant describing the di!usive action
from the j#1 unit and the j!1 unit to the j unit. C"1, I"1 are set to n]n unit diagonal
matrixes. In order to synchronize the chaotic arrays (1) and (2), we apply the periodic
feedback method K

f
(t) I (u
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), where K is the feedback weight [5]. Feedback is added

discretely: In the interval q
1
, the arrays are independent; while in the interval q

2
, the

feedback is activated to synchronize two arrays. In sections 2 and 3, the periodic boundary
condition u

j
"u

j`N
is used. It is clear that equations (1) and (2) have the trivial solution

u5 "F (u, a). Then the stability of perturbation u8
j
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j
can be determined by the following
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variational equation:
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and DF(u) is the Jacobian of F ( ' ) evaluated at u. Under the periodic

boundary condition, equation (4) can be further diagonalized by performing the spatial

Fourier transform m
j
"(1/JN) +N~1

k/0
g
k
exp(!2nijk/N ). Substituting the Fourier

expansion into equation (4) and equating the coe$cients for the eigenfunction, we have
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The solution of equation (5) can be integrated as [24, 21]
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where ¹ denotes the time evolution operator. It shows that two tendencies control the
evolution of perturbation g

k
. In the interval q

1
, the response array is free from the drive

array, so the perturbation can be written as
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However, in the interval q
2
, the feedback is active and the response array is driven by the

feedback, so the perturbation satis"es
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Combining these two equations, we obtain
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is de"ned as the periodic characteristic time. Clearly, D"1 (q
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) presents the continuous situation. For coupled systems, the spectra of Lyapunov

exponent can be divided into two subsets Mji
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which correspond to the synchronization manifold and the transverse to this manifold. The
"rst one Mji

k,sy
N describes the drive array, while the second one Mji

k, tr
N is known as the

transverse Lyapunov exponents that describe the perturbations along transverse directions
of the synchronization manifold. The positive transverse Lyapunov exponents tend to kick
the trajectory o! synchronization manifold so that the trajectory will wander in
a high-dimensional phase space. Therefore, the synchronization problem is to let all the
transverse Lyapunov exponents ji

k,tr
(0. Since the eigenvalues ki
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has been found that if the coupling constant C satis"es jmax
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the units of the single array have the trivial solution u
j~1

"u
j
"u

j`1
"u ( j"0,

1,2, N!1). This phenomenon is called as spatial coherence [20, 21]. Under this
condition, the array shows the homogeneity in space so that the dynamics of the array
behaves as if there were an isolated chaotic oscillator. In this paper, in order to produce the
complicated irregularity in space and time, we consider the weak coupling, i.e.
jmax
0

!4C sin2 (n/N)'0, then local perturbation will be ampli"ed to the whole array. From
equation (9), we have the transverse Lyapunov exponents to

ji
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where E ' E denotes the Euclidean matrix norm, and S 'T
u

is the ensemble averaged with
respect to the initial condition u (0). Therefore, to synchronize arrays (1) and (2), we should
have jmax

k,tr
(0, that is,

D [jmax
0
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Here, di!erent eigensolutions g
k
have their respective convergence conditions. Only when

the feedback weight K is large enough, all eigensolutions g
k
, including k"0 solution g

0
, will

decrease to zero. We then are sure to have the synchronization condition

Djmax
0

(K. (13)

When the periodic characteristic time D"1, the result can be reduced to that of the
continuous feedback scheme of Pyragas [11]. If there exists a subset BLRmN, so that for all
initial conditions u (0), u8 (0)3B, two arrays are synchronous g

k
P0, m

j
P0 with nPR.

Then we call this subset B as the synchronization manifolds.
It must be pointed out that the successful synchronization should guarantee the following

conditions: (i) synchronization condition, equation (13), holds; and (ii) the trajectory
remains within synchronization manifold B. Otherwise, if q

1
is too large or q

2
is too small,

the trajectory may wander out of the synchronization manifolds so that we cannot
synchronize two coupled arrays. From the synchronization condition, equation (13), we
have the relationship of the critical values K

min
, D

max
:

K
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"D
max
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0

. (14)

3. INFLUENCE OF NOISE AND PARAMETER MISMATCH

In coupled #ow systems, perturbations including noise and parameter mismatch are
extremely important for the evolution of spatio-temporal dynamics. Local perturbations
will be ampli"ed over the whole spatial extent through the di!usive coupling for the
convective instability. In the experiment of synchronizing parametrically excited
pendulums, noise and parameter mismatch exist inevitably in the practical environment.
Therefore, the in#uence of these perturbations on synchronization should be investigated.
Adding noise and parameter mismatch terms, we rewrite the perturbed variational
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equations as
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where DaF (u, a) is the Jacobian of F ( ' ) with respect to the parameter a. Da"a8 !a denotes
parameter mismatch. Noise f(t) has mean value 0 and mean-squared value p2. Carrying out
the spatial Fourier transform to diagonalize the variational equation, we solve equation (15)
as
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where K3 "K!4CI sin2 (nk/N) and K is the diagonal matrix constructed from the
eigenvalues ki

0
, i"1, 2,2 , m. When nPR, if the convergence conditions D [jmax
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where S ' T
i
denotes the average over time t. It is clear that chaotic synchronization will be

in#uenced by noise, parameter mismatch, and the feedback weight K. Furthermore,
SEgE2T

t
increase with the increase of perturbation amplitudes, but decreases with the

feedback weight K. It demonstrates that feedback can suppress the in#uences of noise and
parameter mismatch. If K is signi"cantly larger than jmax

0
, we can easily reduce equation (18)

to EgEJEDaE/K. Obviously, compared with the relationship EgEJEDa E of the
Pecora}Carroll synchronization method [25], the feedback scheme shows a stronger
robustness.

4. NUMERICAL CALCULATION OF COUPLED PARAMETRICALLY EXCITED
PENDULUM ARRAYS

For the parametrically excited pendulum array, we have u
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is the angular displacement, and y
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angular velocity. The system parameters can be written as a"Mb, p, uNT. When p"2,
u"2, b"0)1, the single parametrically excited pendulum unit behaves as the tumbling
chaos whose maximal Lyapunov exponent jmax

0
+0)34 [26, 27]. The spatio-temporal



Figure 1. Spatio-temporal chaotic synchronization of the coupled parametrically excited pendulum arrays with
periodic boundary condition by the periodic feedback method. (a) The spatio-temporal evolution x

j
of the drive

array with respect to the normalized time t/¹ and spatial co-ordinate j, where C"0)01; (b) the di!erence Dx
j
!xJ

j
D

of the drive and response arrays.
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chaotic synchronization of the coupled parametrically excited pendulum arrays is
illustrated in Figure 1. Figure 1(a) shows the evolution of the drive array where C"0)01,
and the gray-coded value of x

j
( j"0, 1,2 , 99) with respect to the normalized time t/¹

(¹"2n/u) and spatial co-ordinate j displays the space}time evolution. The drive array
shows extreme irregularity in time and space. Imposing this spatio-temporal chaotic signal
into the response array, we obtain the di!erence D x

j
!xJ

j
D ( j"0, 1,2 , 99) between the

drive and response arrays (see Figure 1(b)). In our calculations, we take D as an integer
number. To demonstrate how the periodic feedback method works, we do not activate the
feedback between the two arrays at time t"0 and allow the di!erence of state to be
ampli"ed (see the black and white regions). However, when t'50¹, feedback with D"10
(q

1
"9¹/200, q

2
"¹/200), K"10 as activated. Two arrays will be synchronized well. The



Figure 2. The dependence of the mean-squared value S+N~1
k/0

Eu
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!u8
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E2T on periodic characteristic time D and

feedback weight K. (a) S+N~1
k/0

E u
k
!u8

k
E2T&K where curves correspond to D"10, 20, respectively (*j*,

D"10; *d*, D"20); and (b) S+N~1
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E u
k
!u8

k
E2T&D where curves correspond to K"2, 4 respectively,

(*j*, K"2; *d*, K"4).
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white region in Figure 1(b) indicates the synchronization of the two arrays. The critical
values of the periodic characteristic time D

max
and the feedback coupling parameter K

min
can be obtained from the obvious jumps in the plots of the mean-squared value
S+N~1

k/0
E u

k
!u8

k
E2T versus D and K respectively. For example, in Figure 2(a), K

min
associated with D"10, 20 is 3)4 and 6)8 respectively. Figure 2(b) gives the critical value
D

max
associated with K"2, 4 is 6 and 12 respectively. Compared with the results calculated

by equation (14), it shows a good agreement between the numerical calculation and the
theoretical prediction. When K'K

min
or D(D

max
, the di!erence S+N~1

k/0
E u

k
!u8

k
E2T

decreases to zero so that synchronization is achieved.
In the practical application of synchronizing pendulums, the damping coe$cient b, the

exciting frequency parameter u, and the exciting amplitude p are the main parameters that
in#uence synchronization. Figure 3 shows the dependence of S+N~1

k/0
E u

k
!u8

k
E2T on the

feedback weight K of the parametrically excited pendulum arrays where we take 10%
tolerance of the parameter di!erence. Figure 3(a)}(c) corresponds to parameter mismatch of
Du"0)2, Dp"0)2 and Db"0)01 where two curves are with respect to the periodic
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characteristic times D"10, 20 respectively. Figure 3(d) gives the relation between
S+N~1

k/0
E u

k
!u8

k
E2T and the feedback weight K where the noise amplitude p"0)1.

Clearly, the numerical calculations as well as the theoretical analysis demonstrate that
increasing K is very bene"cial for suppressing the perturbations. The periodic feedback
method is shown to have a strong robustness to noise and parameter mismatch in the
realistic environment and is therefore recommended in a physical experiment.

The periodic synchronization scheme can also be generalized into synchronizing
spatio-temporal chaotic arrays with other types of boundary condition. Considering the
open boundary condition, we have the dynamics of coupled arrays.

Drive arrays
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),
Figure 3. The in#uence of parameter mismatch and noise on chaotic synchronization where D"10.
(a)}(c) correspond to parameter mismatch Du"0)2, Dp"0)2 and Db"0)01 respectively and (d) corresponds to
noise with amplitude p"0)1 where the curves correspond to D"10, 20 respectively. *d*, D"10; *m*,
D"20.



Figure 3. Continued.
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Response array
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where we let N"120,

I"C"A
0 0

0 1B.
The spatio-temporal evolution of drive array and the synchronization of two arrays are
given in Figure 4(a) and 4(b), respectively, where feedback weight K"10 and periodic
characteristic time D"2. Figure 4(a) shows the irregular spatio-temporal characteristics of
the drive array where the coupling constant C"0)01, and the gray-coded value of x

j
is with

respect to time t and spatial coordinate j. The evolution of the di!erence Dx
j
!xJ

j
D is

illustrated in Figure 4(b). Similarly, when t(50¹, we do not activate the feedback between
the two array systems. So the di!erence of initial conditions will rapidly take e!ect (see the



Figure 4. Spatio-temporal chaotic synchronization of the coupled parametrically excited pendulum arrays with
open boundary condition by the periodic feedback method. (a) The spatio-temporal evolution x

j
of the drive array

with respect to the normalized time t/¹ and spatial co-ordinate j, where C"0)01, and (b) the di!erence Dx
j
}xJ

j
D of

the drive and response arrays.
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black and white region in Figure 4(b)). The drive and response arrays behave independently
as a kind of complex spatio-temporal pattern. After we switch on the feedback at t'50¹,
spatio-temporal synchronization will be achieved. The white region in Figure 4(b) indicates
that the di!erences between drive and response arrays will decrease to zero, then they are
synchronous.

Finally, it should be noted that the present research dealing with spatio-temporal chaotic
synchronization of parametrically excited pendulum arrays could also be applied to
synchronize two single pendulum units. If we let the coupling constant C"0, and the
length of array N"1, we can simplify the above results into synchronizing two chaotic
pendulums. In reference [5], the periodic feedback method was applied to synchronize
two parametrically excited pendulums numerically, whereas in this paper, chaotic
synchronization by the periodic feedback method is given a more general description.
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5. CONCLUSION

In this paper, we realize the spatio-temporal chaotic synchronization of parametrically
excited pendulum arrays by the periodic feedback method. The synchronization condition
was deduced in general coupled oscillator arrays. In order to make the synchronization
method available in practical experiment, we investigated the in#uence of noise and
parameter mismatch. We found that the periodic feedback method was robust in the
presence of noise and parameter mismatch. The results provided potential applications of
chaotic synchronization in practical environment. Finally, it should be mentioned that
in our research, attention is focused on the global transverse stability of the synchronized
state and synchronization is considered as the global behavior of chaotic systems.
Therefore, the results are applicable for the general application of chaotic synchronization.
Some recent researches demonstrate that high-quality synchronization should consider
the local stability of the state if there exist locally unstable invariant sets in the
synchronization manifold [28}30]. Otherwise, synchronization intervals will be inter-
rupted by desynchronization events, which is called as attractor bubbling. This interesting
phenomenon is also important and interesting for the high-quality synchroni-
zation of parametrically excited pendulums. Further research along this line is in the
progress.
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